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“ + ” $f(x)$ “Lanczos representation ”, ,
$f(x)$ “ ’ “Krylov’s method ”
.
[1], p.122 Lanczos , $f(x)$
. , Jones &Hardy
[2] . , Lyness
[3] , . Lyness , $f(x)hp-1$ $h_{p-1}(x)$
, Fourier $O(r^{-p})$ $g_{p}(x)$ .
$f(x)=h_{p-1}(x)+g_{p}(x)$ . Lyness $f(x)$ Lanczos
.
[4], p.79 , , Krylov
,
. Lanczos . 1936
,
.
, , , ,
, .
2. Fourier Krylov
, $f(x)$ Lanczos representation .
$f(x)$ : $x\in[0,2\pi]$ . ,
(2.1) $f^{(\nu)}(2\pi)-f^{(\nu)}(0)=P_{m}^{(\nu)}(2\pi)-P_{m}^{(\nu)}(0)$ : $0\leq\nu\leq m-1$
$m$ $P_{m}(x)$ , $f(x)-P_{m}(x)$ $2\pi$
$\hat{f}_{m}(x)$ .
(2.2) $\hat{f}_{m}(x)=f(x)-P_{m}(x)$ ; $x\in[0,2\pi]$




. . (\sim ) Fourier , Fourier
$o(1/j^{m+1})$ . $\hat{f}_{m}(x)$ Fourier $T_{\infty}$ ( $\hat{f}_{m}$ ; x) ,
$f(x)$
(2.4) $f(x)=P_{m}(x)+T_{\infty}(\hat{f}_{m};x)$
. $f(x)$ Lanczos .
Lanczos $f(x)$ : $x\in[0,2\pi]$ . $f(x)$
. Krylov $f(x)$
Lanczos $f(x)$ , ,
. Krylov ( [4] 1936
) Lanczos ( [1]) , ,
. Krylov Lanczos Krylov .
$2\pi$ $f(x)$ $[0,2\pi$ )
(2.5) $0= 0<x_{1}<\ldots<x_{\xi-1}<x_{\zeta}=2\pi$
. $f(x)$ , $x$ : : $0\leq i\leq\xi-1$
(26) $f(x_{i})=\{f(x_{*}\cdot-)+f(x_{i}+)\}/2$











. $p_{\nu}(x)$ : $x\in[0,2\pi]$ $2\pi$
$\tilde{p}_{\nu}(x)$ (2.10) $(x)$






(2.1$) $\omega_{l-1}(f;x_{j})=\omega_{l-1}(P_{m}; x_{j}):1\leq l\leq m;0\leq j\leq\xi-1$
. , $P_{m}(x)$ , $f(x)$ $m-1$
$f(x)$ .
(2.14) $\hat{f}_{m}(x)=f(x)-P_{m}(x)\in C^{m-1}(-\infty, \infty)$
. $f(x)$ Fourier
(2.15) $T_{b}(f;x)= \frac{1}{2}a_{0}(f)+\sum_{j=1}^{n-1}\{a_{j}(f)\cos jx+b_{j}(f)\sin jx\}$ ,
(2.16) $\{\begin{array}{l}a_{j}(f)=\frac{1}{\pi}\int_{0}^{2\pi}f(x)cosjWdxb_{j}(f)=\frac{1}{\pi}\int_{O}^{2\pi}f(x)sinjxdx\end{array}$
. $\hat{f}_{m}(x)$ $m-1$
, Fourier $a_{j}(\hat{f}_{m}),b_{j}(\hat{f}_{m})$ $O(j^{-m-1})$ . $\hat{f}_{m}(x)$
Fourier , $T_{\infty}(\hat{f}_{m} ; \sim)$ . (2.14) , $f(\sim)$
(2.17) $f(x)=T_{\infty}(\hat{f}_{m} ; ae)+P_{m}(x)$
. Krylov . $\xi=1$ $f(x)$ Lanczos
.
$\hat{f}_{m}(x)$ Fourier , $T_{\infty}(\hat{f}_{m};x)$ , (2.17)
.
3. Lanczos Lyness










$F(x)$ . Lyness .
Stage 1. $m$ .
Stage 2. $\omega_{\nu}(f;0)$ , $\Omega_{\nu}(f;0)$ . $m$ , 12
. , .





Stage 3. $N$ .
Stage 4. $\overline{\tau\iota}_{j}(\hat{F}_{m})$ : $0\leq i\leq N/2,\overline{v}_{j}(\hat{F}_{m})$ : $1\leq i\leq N/2-1$ .
(3.4) $\overline{l},$ $= \frac{2\pi r}{N}$ : $0\leq r\leq N$
(3.5) $\{\begin{array}{l}\overline{\tau\iota}_{j}(f)=\frac{2}{N}\sum_{=0}^{N-1}f(\overline{W}_{f})cosj\overline{x},\overline{v}_{j}(f)=\frac{2}{N}\sum_{\prime=0}^{N-1}f(\overline{x}_{f})sinj\overline{W}_{r}\end{array}$
$f(x)$ Fourier . Fourier .
, $m$ FFT .
Stage 5. . \epsilon .
.
(i). $x$ $f(x)-F(\sim)$ . .
$(\ddot{u})$ . . Fourier ,
.
Stage 6. \epsilon $m$ Stage 2. , $N$ Stage 4.
.
“ ” , $m=8$ or 9, $N=32$
$10^{-7}\cdot||f||_{\infty}$ .
$f(\sim)$ Lanczos Lyness .
4
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4. Lanczos , Krylov ?
, $f(x)$ Lanczos , Krylov , Lanczos Lyness
. Fourier
,
. , , ,
.
, Krylov , (2.12) $P_{m}(x)$ ,
$f(x)$ ( (2.14)) $(x)$ . $\hat{f}_{m}(x)$ Fourier
, (2.17) $f(x)$ .
$f(x)$ . ,
Fourier . , (2.17)
$P_{m}(x)$ $f(x)$ Krylov
. , (2.17) $P_{m}(\sim)$
$f(x)$ , (2.17) .
, (2.9) $p_{v}(\sim)$
(4.1) $p_{\nu}(x)= \sum_{j=1}^{\infty}\frac{1}{j^{\nu}}cr_{\nu}jx$ , $cir_{\nu}x=-\cos(x-\pi\nu/2)$
Fourier . 11 $p_{\nu}||_{\infty}\approx 1$ . , (2.12)
$\nu$ $|\omega_{\nu-1}(f;x_{i})|$ . $P_{m}(x)$




$\hat{f}_{m}(x)$ Fourier , $T_{\infty}$ ( $\hat{f}_{m}$ ; x) .
, .
.
, (2.16) Fourier ,
(4.2) $a_{j}(f)= \sum_{i=0}^{\xi-1}\sum_{v=1}^{m+1}\omega_{v-1}(f;x_{i})\frac{(-1)^{\nu}}{j^{\nu}}$cir.. $jx_{i}+ \frac{(-1)^{m}}{\pi j^{m+1}}\int_{0}^{2\pi}f^{(m+1)}(t)cir_{m+1}$ jtdt
. , $(2.12),(4.1)$
$\xi-1m$







. (4.4) , $p_{\nu}(x)$ $(\sim)$
Fourier $O(j^{-m-1})$ . , $f(x)$
, $j$ , $a_{j}(\hat{f}_{m})$




5. Lanczos , Krylov
$f(x)$ Lanczos , Krylov
. ,
(5.1) $\tilde{q}_{v}(x;k)=\tilde{p}_{\nu}(x)-\sum_{j=1}^{k-1}\frac{1}{j^{\nu}}cir_{v}jx=\sum_{j=k}^{\infty}\frac{1}{\grave{j}^{\nu}}cr_{\nu}jae$
. $\tilde{q}_{v}(x;k)$ (2.10) .
(5.2) $\{\begin{array}{l}q\prec_{\nu}\iota)(0+\cdot.k)=\tilde{q}_{\nu}^{(l)}(2\pi-\cdot.k)\cdot.l=0,1,\ldots,\nu-2,\nu,\ldots-\tilde{q}_{\nu}^{(\nu-1)}(0+.\cdot k)=\tilde{q}_{\nu}^{(\nu-1)}(2\pi-\cdot.k)=\pi/2\tilde{q}_{1}(0\cdot.k)=\tilde{q}_{1}(2\pi.\cdot k)=0\end{array}$
$\tilde{p}_{\nu}(x)$




(5.5) $R_{m}(x;k)= \sum_{:=0}^{\zeta-1}\sum_{\nu=1}^{m}\omega_{\nu-1}(f;x_{i})\cdot\tilde{q}_{v}(x-x_{i} ; k)$
$||f||_{\infty}$ . , (2.13)
(56) $\omega_{v}(f;x_{i})=\omega_{\nu}(R_{m}; ae_{i}):0\leq\nu\leq m-1;0\leq i\leq\xi-1$
.




Krylov , . , (5.8)
,
. (5.8) Krylov .
$R_{m}(ae;k)$ , $\tilde{f}_{m}(x)$ Fourier
. $\tilde{q}_{\nu}(\sim;k)$




. $b_{j}(\tilde{f}_{m})$ . $\tilde{f}_{m}(x)$ Fourier ,
, $f(\sim)$ . $f(x)$
. , Fourier $O(j^{-m-1})$
. Krylov .
$\tilde{q}_{\nu}(x;k)$ . (51) $||\tilde{p}_{\nu}||_{\infty}\approx 1$













. (5.14) $\overline{\delta}_{\nu}(s/N)$ : $0\leq s\leq k-1,\overline{\tau}_{\nu}(s/N)$ : $k\leq s\leq N/2$
. , FFT
. , (515) $\overline{\delta}_{\nu}(x),\overline{\tau}_{\nu}(x)$
[7].
(58) , $f(x)$ . ,
(516)
$H\{nm\}(f;\sim)=T_{n}(\tilde{f}_{m};x)+R_{m}(x;k)$
$= \frac{1}{2}a_{0}(f)+\sum_{j=1}^{k-1}\{a_{j}(f)\cos jx+b_{j}(f)\sin j\sim\}+\sum_{j=k}^{n-1}\{a_{j}(\tilde{f}_{m})\cos jx+b_{j}(\tilde{f}_{m})\sin jx\}$
$+ \sum_{*\cdot=0}^{\zeta-1}\sum_{\nu=1}^{m}\omega_{\nu-1}(f;x_{i})\cdot\tilde{q}_{\nu}(x-x_{i} ; k)$
.
. $H\{nm\}(f;\sim)$ $f(x)$ .
6. Krylov
$f(x)$ $\overline{l},$ $=2\pi r/N$ : $0\leq r\leq N-1$ $f(\overline{x}, )$ ,
$x_{i}$ : $0\leq i\leq\xi-1$ , $\omega_{\nu}(f;x_{i})$ : $0\leq\nu\leq m-1$ , $n=N/2$
$h(x)= \frac{1}{2}\overline{a}_{0}+\sum_{j=1}^{k-1}(\overline{a}_{j}\cos jx+\overline{b}_{j}\sin jx)+\sum_{j=k}^{n-1}(\dot{a}_{j}\cos jx+\dot{b}_{j}\sin jx)$
(6.1)
$+ \sum_{i=0}^{\xi-1}\sum_{\nu=1}^{m}c_{i,\nu}\cdot\tilde{q}_{\nu}(\sim-x; ; k)$




(6.3) $c_{i,v}=\omega_{\nu-1}(h;x_{i})=\omega_{v-1}(f;x_{i}):0\leq i\leq\xi-1;1\leq\nu\leq m$
. . , f($) $x$ :
(6.4) $\frac{Nae:}{2\pi}=r_{i}$ : $0\leq i\leq\zeta-1$
. , (514)
(6.5) $h( \overline{x},)=\frac{1}{2}\overline{u}_{0}+\sum_{j=1}^{\tau\iota-1}(\overline{u}_{j}\cos j\overline{x}, +\overline{v}_{j}\sin ja\overline{e},)+\frac{1}{2}\overline{\tau\iota}_{n}\cos$ni, : $0\leq r\leq N-1$ ,
(6.6) $\{\begin{array}{l}\overline{u}_{j}=\frac{2}{N}\sum_{f=0}^{N-1}h(\overline{W},)cosj_{\overline{l}_{\prime}}0\leq j\leq n\overline{v}_{j}=\frac{2}{N}\sum_{\prime=o}^{N-1}h(\overline{x},)sinj\overline{x}_{\tau}1\leq j\leq n-1\end{array}$
(6.7) $\{\begin{array}{l}\prime\overline{u}_{j}=\overline{a}_{j}+\sum_{i=0\nu}^{\xi-l}\sum_{=l}^{m}q_{\nu}(-\frac{1}{N})^{v}\overline{5}_{\nu}(\frac{j}{N})cir_{\nu}jW_{i}\cdot.0\leq j\leq k-1\overline{v}_{j}=\overline{b}_{j}-\sum_{i=0\nu}^{\zeta-l}\sum_{=1}^{m}c_{i,\nu}(-\frac{1}{N})^{\nu}\overline{\delta}_{\nu}(\frac{j}{N})cir_{\nu-1}jW_{t}\cdot.1\leq j\leq k-1\end{array}$
(68) $\{\begin{array}{l}\overline{\tau\iota}_{j}=\dot{a}_{j}+\sum_{=O}^{\xi-1}\sum_{\nu=1}^{m}c_{i,\nu}(-\frac{1}{N})^{\nu}\overline{\tau}_{\nu}(\frac{j}{N})cir_{\nu}jx\backslash .\cdot k\leq j\leq n\overline{v}_{j}=\dot{b}_{j}-\sum_{i=0}^{\xi-1}\sum_{\nu=1}^{m}c.,\nu(-\frac{1}{N})^{\nu}\overline{\tau}_{\nu}(\frac{j}{N})cir_{\nu-1}jW_{i}k\leq j\leq n-1\end{array}$
.
$h(a\overline{e}, )=f(\overline{x},)$ : $0\leq r\leq N-1$ (6.6) , FFT $f(z)$ Fourier





(69) $|\overline{a}_{j}-a_{j}(f)|,$ $|\overline{b}_{j}-b_{j}(f)|\propto O(N^{-m-1})$
9
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. , FFT Fourier , u-j, , (6.7)
Fourier . , (6.8) Fourier
,




. , (65) .
, ,
\omega \mbox{\boldmath $\nu$}(f; $x:$ ) . , (6.9),(6.10),(6.11)
.
7.
Cooley &Tukey[8] Fourier 20 . FFT





. , . FFT
, Fourier ,
FFT . FFT
. FFT , Fourier
, . , ,
.
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